We construct and study the vacuum polarization, φ 2 D , of the quantized massive scalar field with a general curvature coupling parameter in higher-dimensional static and spherically-symmetric black hole spacetimes, with a special emphasis put on the electrically charged Tangherlini solutions and the extremal and ultraextremal configurations. For 4 ≤ D ≤ 7 the explicit analytic expressions for the vacuum polarization are given. For the conformally coupled fields the relation between the trace of the stress-energy tensor and the vacuum polarization is examined, which requires knowledge of the higher-order terms in the Schwinger-DeWitt expansion.
of distorted black holes [19, 20] , in the spacetimes of dimension higher (or smaller) than 4 [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] .
Approximate expressions describing φ 2 have been constructed in Refs. [32] [33] [34] [35] [36] .
The aim of this paper is to construct the vacuum polarization of a quantized massive scalar field (with arbitrary curvature coupling) satisfying the covariant equation
where m is the mass of the field, ξ is the coupling constant and R is the Ricci scalar, in a general D-dimensional static and spherically-symmetric spacetime described by the line element
where dΩ 2 D−2 is the metric on a unit (D − 2)-dimensional sphere, and to apply the general formulas in the spacetime of the charged black hole. The line element describing such configurations has been constructed by Tangherlini in the early sixties. It has a particularly simple and transparent form when parametrized by the radial coordinates of the event and inner horizons, denoted respectively by r + and r − . The charged Tangherlini solution has the form (2) with
Making use of the relations
and
where Ω D−2 is the area of a unit (D − 2)-sphere, the line element can be expressed in a standard mass, charge parametrization. The area of the (D − 2)-dimensional sphere is given by
When the horizons merge, i. e., (r + = r − = r ± ) the topology of the closest vicinity of the horizon of the extremal black hole is AdS 2 × S D−2 , and the geometry, when expanded into the whole manifold, is a special case of the general solution
where A, B ∈ R. It is a product spacetime with maximally symmetric subspaces. Sometimes it is advantageous to work with the
The equation (7) describes the vicinity of the extremal black hole (2) provided A = f (r ± )/2 and B = r 2 ± . Consequently,
and in D = 4 one has the Bertotti-Robinson solution.
The calculations of the stress-energy tensor and the vacuum polarization of the quantized fields in curved spacetimes are extremely hard as they exhibit a nonlocal dependence on the spacetime metric. Here we consider the case when the Compton length associated with the field, λ c , satisfies the condition
where L is a characteristic radius of the curvature of the background geometry, and, consequently, the nonlocal contribution to the vacuum polarization can be neglected [25, 34, 37, 38] .
In the proper-time formalism one assumes that the Green function, G(x, x ), that satisfies the
is given by
where
s is the proper time and the biscalars a k (x, x ) are the celebrated Hadamard-DeWitt coefficients, ∆(x, x ) is the vanVleck-Morette determinant and the biscalar σ(x, x ) is defined as the one-half of the geodetic distance between x and x . Now, let us define
where x (a floor function) gives the largest integer less than or equal x, substitute in Eq. (12)
reg (x, x ; is) for A(x, x ; is) and finally denote the thus obtained biscalar by G (D) reg . The field fluctuation that characterizes the vacuum polarization in the D-dimensional spacetime is defined as
Making the substitution m 2 → m 2 − iε (ε > 0) the integral (12) can easily be calculated [25, 26] :
where the coincidence limit of the Hadamard-DeWitt biscalars is defined as a k = lim x →x a k (x, x ) and the upper sum limit, N, remains us that only a first few Hadamard-DeWitt coefficients are known. One expects that if the condition (10) holds Eq. (16) gives a reasonable approximation to the exact φ 2 . Eq. (16) is generalization to arbitrary dimension of the formula derived by
Frolov [35] and coincides with the result obtained in Ref. [24] .
The plan of the paper is as follows. In the next section (subsections II A and II B) we shall construct the vacuum polarization of the quantized massive field in the general static and spherically- The formula (16) shows that the Hadamard-DeWitt coefficients can be used in a twofold way:
Firstly, for a given dimension the lowest coefficient of the expansion gives the leading approximation to the vacuum polarization, whereas the higher order coefficients give the higher-order terms in (16) .
On the other hand, we can confine ourselves only to the main approximation and use the coefficients in various dimensions. Moreover, for the conformally coupled fields with ξ = (D − 2)/(4D − 4) one has a very interesting formula that relates the trace of the quantized stress-energy tensor and the vacuum polarization.
In this paper we shall restrict our analyses to 4 ≤ D ≤ 7 and use the first three nontrivial coefficients (a 2 , a 3 , and a 4 ) to calculate all the terms from Table I. Since the results for the higherorder terms as well as these for D > 7 are rather complicated, to prevent unnecessary proliferation of lengthy and not very illuminating formulas, they will be not presented here. (The only exception is Sec. II C).
As can be seen in Table I energy tensor of the quantized massive fields in a large mass limit, giving the unique possibility to study the dependence of the quantum effects on the dimension of the background spacetime. In this case the entries in Tab. I should be moved one column to the left, as the main approximation of the stress-energy tensor in D = 4 and 5 requires a 3 , whereas a 4 is needed in the calculation of the main approximation in D = 6 and 7.
If there are N scalar fields φ i , each with a different mass m i , then all formulas remain intact provided the following change is made
This also shows that the quantum effects can be made great by taking large number of the quantized fields.
A. D = 4 and D = 5
Inspection of the general formula (16) shows that to calculate the vacuum polarization of the massive scalar field one needs the coincidence limit of the Hadamard-DeWitt coefficient a 2 , which is constructed from the curvature invariants R abcd R abcd , R ab R ab , R 2 and 2R. Although it looks quite simple, the resulting expression for φ 2 constructed for a general metric (2) is complicated.
Indeed, taking a 2 in the form
after some algebra, one has
and the functions F k (the same for both dimensions) as well as the dimension-dependent coefficients α i k are shown in Table II .
Since the general form of the vacuum polarization can easily be inferred form Table II it will not be presented explicitly here. Instead, we shall discuss its behavior in a few important regimes.
First, let us consider the simplest case of the four-dimensional black holes. On general grounds one expects that for the line element (3) the result falls as r −6 and the most interesting region is the vicinity of the event horizon. For the physical values of the coupling constant, i.e., for ξ = 0 and ξ = 1/6, the general expression calculated at the event horizon reduces to
respectively. Now, let us assume that the black hole is extremal, i.e., the event and the inner horizons coincide and analyze the vacuum polarization on the degenerate horizon. It means that f (r ± ) = f (r ± ) = 0
and from the previous analysis we know that the same result can be obtained calculating the vacuum polarization in the product spacetime with the maximally symmetric subspaces. Inspection of Table II gives the following expression for the vacuum polarization in the spacetime of the extreme black hole
If additionally the second derivative of the function f at the event horizon vanishes one has the Plebanski-Hacyan geometry with
Similarly, at the event horizon of the five-dimensional black hole one has for the minimal coupling
and for the conformal coupling
The vacuum polarization of the extremal black hole is given by
whereas for the ultraextremal configuration, one has
Finally, let us return to the charged black holes and introduce new variables, x and β, defined as x = r/r + and β = r − /r + . Simple calculation give
The higher order terms constructed from a 3 and a 4 can be found in Ref. [16] and the results presented in this section generalize those of Lemos and Thompson [24] .
Inspection of Eq. (29) shows that that the result (that is independent of ξ) is always positive on the event horizon and is tends to 0 + as x → ∞, whereas in (D = 5)-case the vacuum polarization exhibits the more complicated dependence on the coupling parameter. The asymptotic behavior of the latter is shown in Fig. I . The vacuum polarization at the event horizon is always nonnegative for the minimal and the conformal coupling.
Since the second derivative of f calculated at the event horizon is f = 2/r 2 ± and f = 8/r 2 ± one has
respectively.
B. D = 6 and D = 7
In this section we shall analyze the approximation to the field fluctuation of the quantized massive fields in D = 6 and D = 7. The coincidence limit of the Hadamard-DeWitt biscalar a 3 (x, x ) is much more complicated than the coefficient a 2 and can be written in the form that is valid in any dimension 
A closer inspection of the coefficient a 3 shows that it is a sum of the curvature invariants constructed from the Riemann tensor, its covariant derivatives and contractions. In general, the coefficient [a n ]
(for a given spin) is a linear combination of the Riemann invariants and belongs to n q=1 R 0 2n,q , where R r s,q is a vector space of Riemannian polynomials of rank r (the number of free tensor indices), order s (number of derivatives) and degree q (number of factors). The type of the field is encoded in the coefficients of the linear combination.
Now the vacuum fluctuation has a general form
and the functions F k and the (dimension-dependent) coefficients α k are listed in Tables III-V . Once again we shall not present the general result for φ 2 D as it can easily be obtained form the tables.
Instead we shall confine ourselves to the physically important limits.
Following the steps form the previous section, for the vacuum polarization at the event horizon of the minimally coupled field one has
whereas the analogous result for the conformally coupled fields is given by
Usually, the quantum effects of the massive fields are most pronounced at the event horizon and its closest vicinity. For the extremal and ultraetremal configurations one has
respectively. 
where η = 1+β 3 . The sign of the vacuum polarization at the event horizon as well as its asymptotic behavior as r → ∞ is shown in Fig. 2 . Specifically, the vacuum polarization at the event horizon respectively. On the other hand, the vacuum polarization for the extremal and ultraextremal black hole is given by
And finally the result for the electrically charged Tangherlini black hole is 
where η = 1+β 4 . The sign of the vacuum polarization at the event horizon as well as its asymptotic behavior as r → ∞ is shown in Fig. 3 . A more close examination shows that the vacuum polarization at the event horizon is always negative for the minimal coupling, whereas for the conformal ization is negative at the event horizon (left panel). The shaded region in the right panel represents points with the property φ
coupling it is positive for 0.697 < ξ < 0.825. Note qualitative similarity of the results presented in Fig 2 to Fig. 3 .
Finally, we remark that the vacuum polarization on the degenerate horizon of the extremal black hole can easily be calculated using the line element (7) describing the spacetimes with the maximally symmetric subspaces. Because of the symmetries this approach is especially useful for the higher-dimensional black holes.
C. Trace of the stress-energy tensor of the conformally coupled massive fields
The one-loop effective action constructed from the Green function (12) is given by
and the stress-energy tensor can be calculated using the standard formula
It should be noted that the total divergences that are present in the effective action can be discarded. 
where C D is given by
For the Schwinger-DeWitt expansion the first-order term cancels with the "anomalous term" and the next to leading term is precisely the first-order approximation to the trace. Similarly, the nextto leading term of the trace is equal to the next-to-next-to leading term of the vacuum polarization The Schwinger-DeWitt method gives unique possibility to study the quantum effects in various dimensions. Moreover, as the sole criterion for its applicability is demanding that the Compton length associated with the field be small the with respect to the characteristic radius of the curvature of the background geometry, the Schwinger-DeWitt approach is also quite robust. In practice, it turns out that the reasonable results can be obtained for M m > 2, where M is the mass of the black hole [39] . A comparison made in Refs. [24, 40] between the numerical and analytical results confirms accuracy of the Schwinger-DeWitt method.
In this paper, using the generalized Schwinger-DeWitt approach, we have calculated the vacuum polarization effects of the quantized massive scalar field in the spacetime of the D-dimensional (4 ≤ D ≤ 7) static and spherically-symmetric black hole. A special emphasis has been put on the charged Tangherlini solutions. Contrary to the simplest Reissner-Nordström case, the vacuum polarization for the charged Tangherlini black hole depends on ξ and a ratio r − /r + in a quite complicated way, as expected. Our results can also be used to construct φ 2 when a cosmological constant is present, as, for example, in a spacetime of the lukewarm black hole. They can be generalized to the case of topological black holes.
Since the geometry of the closest vicinity of the extremal black hole is a direct product of the two maximally symmetric spaces AdS 2 × S D−2 it is possible to calculate φ 2 D at the degenerate horizon without referring to the black hole metric. Because of massive simplifications in the product space, the thus constructed result is relatively simple to obtain and may serve as an important check of the calculations.
For the conformally coupled field we have investigated the relation between the trace of the stress-energy tensor and the vacuum polarization. It should be emphasized that the calculation of the trace from the vacuum polarization is far more efficient than the calculations of the trace from the stress-energy tensor, even though the next-to-leading terms of the approximation of φ 2 D are needed.
Finally, we briefly describe our calculational strategy. 
